The authors investigated the polymer-mediated colloidal interactions in a good solvent wherein the particle size varies from that much smaller than the polymer radius of gyration up to macroscopic and the polymer concentration varies from that corresponding to a dilute solution to that close to a melt. At conditions directly accessible to molecular simulations, the theoretical predictions agree favorably with the simulation results for the distributions of polymer segments and for the polymer-mediated colloidal interactions. The theoretical methods were then exploited to examine the polymer structure and colloidal interactions when the particle/polymer size ratio changes from the "protein" limit to the "colloid" limit at different regimes of the polymer concentration ͑i.e., dilute, semidilute, and concentrated͒. The authors found that the surface curvature plays a significant role on the distribution of polymer segments near the particle surface at low polymer concentration, but this effect diminishes as the polymer concentration increases. The Derjaguin approximation works reasonably well at high polymer concentration even in the protein limit, but it may fail qualitatively at low polymer concentration where the polymer-induced colloidal force becomes long range.
I. INTRODUCTION
Interaction between colloidal particles immersed in a polymer solution or melt depends on a number of parameters including the particle size, surface energy, as well as the properties of the surrounding polymer and its density or concentration. Despite longstanding and continuing research efforts, a complete description of the polymer-induced colloidal forces is yet to be established. The task is challenging from both theoretical and experimental perspectives because of the broad parameter space and the multiple length scales pertaining to the colloidal particles, to the surrounding polymers, and to the solvent.
In the simplest scenario where colloidal particles and polymers are dispersed in a good solvent, the attraction between two colloidal particles induced by the depletion of polymers is conventionally described by the AsakuraOosawa ͑AO͒ theory. 1 This simple geometry-based method asserts that the colloidal particles can be represented by hard spheres and the polymer chains by noninteracting "ideal-gas" particles that are excluded from the colloidal surface within a thickness equal to the polymer radius of gyration. Despite its simplicity, the AO theory captures the length scale and magnitude of the entropy-induced depletion force in fair agreement with simulations and experiments. However, its performance quickly deteriorates as the polymer concentration increases, in particular when the polymer radius of gyration becomes comparable to the particle size. 2 Because the AO theory ignores the interactions between polymer molecules, it fails to reproduce the repulsive barrier between colloidal particles at high polymer concentration. 3, 4 Besides, when the colloidal particles are significantly smaller than the polymer radius of gyration, the depletion of polymer occurs only at the length scale on the order of that for the polymer segments. In this case, the polymer distribution around a small particle has to be properly considered at the monomeric or segment level. Aiming toward an improvement of the AO theory has inspired a number of theoretical investigations ranging from the scaling analysis, 5 mean-field approximations, 2, 6 to calculations based on more sophisticated methods including the self-consistent-field theory, 7 integralequation theory, [8] [9] [10] [11] density functional theory, 3, 12 and various simulation techniques. [13] [14] [15] While these new methods are able to account for at least in part the correlation between polymer molecules and the specific polymer-particle interactions, their generic applications are often limited to either small particles ͑i.e., the "protein" limit͒ with a diameter not much larger than that of a polymer segment or to large particles ͑i.e., the "colloid" limit͒ that, in comparison to a polymer molecule, can be literally represented by a planar wall. In between, the colloidal forces can only be estimated from the Derjaguin approximation, which expresses the interaction between two spheres in terms of that between two flat plates. 13, 16 While the Derjaguin approximation was originally introduced for the van der Waals-type short-range interactions, we are not aware of any comprehensive validation of its applicability to polymer-mediated colloidal forces. The theoretical validation of the Derjaguin approximation requires a reliable procedure for calculating the colloidal forces in both spherical and planar geometries. While the calculation of colloidal forces between two planar walls is straightforward, interaction between two spheres entails a a͒ Author to whom correspondence should be addressed. multidimensional distribution of the polymers that makes the force calculation a demanding task. 3 As a result, theoretical computations for the latter case are often limited to small systems where the colloidal particles are not much larger than the polymer segments. Recently, we developed a nonlocal density-functional theory ͑DFT͒ for polymer and particle mixtures. This theory provides an accurate description of both the excluded-volume effects and chain connectivity. 17 With a reliable theory for both colloids and polymers, we may circumvent the difficult numerical problem by using the potential distribution theorem ͑PDT͒, [18] [19] [20] [21] [22] [23] [24] [25] which links the potential of mean force between two colloidal particles to the local distribution of polymers around one particle. Because the distribution of polymers around a single particle exhibits the spherical symmetry, PDT allows us to calculate the interaction between colloidal particles of arbitrary size and thereby to test the validity of the Derjaguin approximation.
In this work, we will examine the effect of particle/ polymer size ratio and polymer concentration on the validity of the Derjaguin approximation for the polymer-mediated colloidal forces at athermal conditions. Towards this end, we follow a conventional model where the colloidal particles are represented by hard spheres, polymers are tangentially connected hard-sphere chains, and the solvent is simply a continuous background. We will first investigate the distribution of polymer segments near an isolated colloidal particle and compare the theoretical predictions with simulation data. The theoretical methods will then be used to examine the polymer-mediated colloidal interactions under a variety of conditions, including different polymer chain lengths, concentrations, and the colloid/segment size ratios. By calculating the interactions between two hard walls at similar conditions, we will compare the theoretical results with those from the Derjaguin approximation. Because the extensions of the DFT to other polymers and to polyelectrolytes have also been established, 26, 27 we expect that a similar procedure can be applied to polymer-induced colloidal forces in general.
II. THEORETICAL BACKGROUND
We consider two spherical particles immersed in a polymer solution where the polymer molecules are represented by hard-sphere chains. The polymer-mediated colloidal potential, i.e., the potential of mean force, represents the reversible work required to bring the two particles from far separation to a center-to-center distance r. According to the potential distribution theorem ͑PDT͒, 18, 19 the colloidal potential can be calculated from the excess chemical potential distribution or from the one-body direct correlation function of a particle around another particle fixed at the center, i.e.,
where W͑r͒ stands for the potential of mean force, c c ͑1͒ ͑r͒ is the one-body direct correlation function, and ␤ =1/͑k B T͒. Equation ͑1͒ is exact; it states that the reversible work to bring two particles together is equivalent to the difference in the work required to insert one particle near another fixed at the origin from that without the fixed particle.
To apply the PDT for the colloidal interactions, we need to have an expression for the one-body direct correlation function in the particle-polymer mixture. In our pervious work, we have developed a nonlocal DFT applicable to polymers and colloidal dispersions. 17, 26, 28, 29 For the athermal systems considered in this work, the excess Helmholtz energy functional is given by
where the reduced excess Helmholtz energy densities due to the excluded-volume effects and chain correlations are derived from the modified fundamental measure theory 30, 31 and an extension of the thermodynamic perturbation theory, 17 respectively,
͑3͒
In Eqs. ͑2͒ and ͑3͒, n ␣ ͑r͒, ␣ = 0, 1, 2, 3, V1, and V2, are the geometry-dependent weighted densities, s =1−n v2s n v2s / n 2s 2 , = ͑1−n v2 n v2 / n 2 2 ͒, M is the number of hard-sphere segments per polymer chain, and s stands for the hard-sphere diameter of a polymer segment. The detailed expressions for n ␣ ͑r͒ and s are given in our previous publications. 17, 27 By a functional derivative of the excess Helmholtz energy with respect to the particle density c ͑r͒, we can calculate the one-body direct correlation function
When the two particles are far apart, the one-body direct correlation function becomes identical to the excess chemical potential of the particle in the bulk,
Substitution of Eqs. ͑5͒ and ͑4͒ into the PDT ͓Eq. ͑1͔͒ yields
The first term on the right side of Eq. ͑6͒ depends on the particle size and on the distribution of polymers near a single particle. Conversely, the excess potential in the bulk limit provides only a reference for the colloidal potential. The same excess Helmholtz energy ͓Eq. ͑2͔͒ can be used to calculate both the one-body direct correlation function of the colloids and the distribution of polymer chains.
According to the Derjaguin approximation, the force between two spherical particles of diameter c is related to that between two planar surfaces by 32 
F͑r͒
where f s ͑x͒ is the solvation force per unit area between the planar surfaces at separation x. In most cases, f s ͑x͒ decays rapidly as x increases. As a result, Eq. ͑7͒ can be further simplified to
For athermal systems, the solvation force per unit area between two plates can be calculated from the contact-value theorem 33 f s ͑x͒ = s ͑0,x͒ − s ͑0,ϱ͒, ͑9͒
where s ͑0,x͒ is the contact density of polymer segments at surface separation x. The second term on the right side is equal to ␤p, with p being the bulk pressure. When the width of a slit pore is sufficiently large, the density profile at the center reduces to the bulk density. In that case, the slit pore is essentially equivalent to a single wall. We tested the contactvalue theorem for six bulk densities ͑ s,b * = 0.001, 0.01, 0.023, 0.1, 0.3, and 0.5͒ for M = 300 and found that s ͑0,ϱ͒ = ␤p in all cases. The colloidal force from the Derjaguin approximation will be directly compared with that derived from the polymer-mediated potential calculated from the PDT.
III. RESULTS AND DISCUSSIONS
We have calculated the distributions of polymer segments around isolated particles and the polymer-mediated colloidal potentials at various ratios of the particle radius to the polymer radius gyration and at different polymer concentrations. For convenience, we discuss the theoretical results in terms of the protein limit ͑R c Ӷ R g ͒, colloid limit ͑R c ӷ R g ͒, and that in between ͑R c ϳ R g ͒, where R g is the polymer radius of gyration and R c is the particle radius. Based on the polymer overlap density s,b OL , we partition the polymer concentration into three regimes, i.e., the dilute regime
OL ͒. While the polymer radius of gyration depends on the solution concentration and its interaction with colloidal particles, we use the radius of gyration for an isolated polymer R g ͑i.e., in the infinite dilution͒ as a benchmark for comparison with the particle radius R c . For the hard-sphere chain model considered in this work, the radius of gyration at infinite dilution ͑R g ͒ has been calculated by Monte Carlo simulations and can be accurately reproduced by using the empirical correlation For hard-sphere chains, the overlap density of polymer segments can be estimated from
. ͑11͒ Table I shows the numerical results for the polymer radius of gyrations and the overlap densities of all the polymers considered in this work.
A. Solvation of a single particle
To implement the PDT for predicting the polymermediated colloidal interactions, we need to use the density profiles of the polymer segments near isolated particles as the input. In our previous publications, 17, 26, 36 we have compared the theoretical predictions with extensive simulation data for the distribution of polymers near the surface of a spherical particle or a planar wall and found good agreement of the theory with simulations in general. As illustrative examples, Fig. 1 shows a comparison of the theoretical predictions with recent simulation results 37 for the distribution of hard-sphere chains near a spherical particle at different polymer chain lengths and concentrations. Here, the particle diameter is fixed at c / s = 4.9, which is comparable to the gyration radii of the short chains ͑M = 16 and 32͒ but smaller than that of the long chain ͑M = 120͒ ͑see Table I͒. At low concentrations ͑ s,b * ϵ s,b s 3 = 0.025͒, all polymers are depleted from the particle surface due to the intrachain correlations, and the range of depletion increases with the polymer chain length. In a dilute solution, the thickness of the polymer depletion layer is roughly on the order of R g , as predicted by the AO theory. At an intermediate concentration ͑ s,b * = 0.2͒, however, the polymer depletion thickness is substantially abated and becomes relatively insensitive to the polymer chain length. In this case, the polymer concentration is above the overlap densities of the longer chains ͑M =32 and 120͒, and the thickness of the depletion layer becomes comparable to the polymer segment diameter. In the concentrated regime ͑ s,b * = 0.6͒, the polymer segments are accumulated near the colloidal surface due to the excluded-volume effects, and as in a hard-sphere system, the density profiles exhibit strong oscillations. In all cases, the theoretical predictions faithfully reproduce the simulation results, and the numerical agreement is comparable to that from the polymer integral-equation theory ͓polymer reference interaction site model ͑PRISM͔͒. 9 In the simulation, the colloid-colloid, colloid-segment, and segment-segment interactions are rep- resented by the repulsive part of the truncated-and-shifted Lennard-Jones potential. 14, 37 The repulsion between the colloidal particle and polymer segments at the contact is responsible for the lower contact density in the simulation results. Because the tangent hard-sphere chain model provides only an approximation of the bead-spring chains used in the simulations, our theoretical results show a slight shift of the peak densities due to the use of a slightly different bond length ͑1.122 s and s in the simulations but in the hard-sphere chain model͒. While the predictions of DFT are nearly perfect at high and intermediate densities, its performance is slightly inferior to that of the PRISM in the dilute regime. Indeed, a major drawback of the DFT is that it employs the first-order thermodynamic perturbation theory ͑TPT1͒, which ignores the long-range intrachain correlations beyond the nearest neighbor that becomes important at low polymer density.
While the simulation of long polymer chains and large particles becomes substantially more difficult, such limitation does not apply to the DFT calculations. In Fig. 2 , we show the reduced segment density profiles for hard-sphere chains with M = 300 near isolated hard-sphere particles of different sizes ͑ c / s = 5, 30, and 500͒, covering from the protein limit ͑R c / R g = 0.17 for c / s =5͒ to the colloid limit ͑R c / R g = 17.1 for c / g = 500͒. Again, we consider the polymer segment densities in the dilute regime Fig. 1 , the polymers are depleted from the particle surface in the dilute and semidilute regimes, and the depletion is subdued to the excluded-volume effect at higher polymer concentrations. In the dilute regime, the particle size has little effect on the range of depletion ͑which is determined by R g ͒ and the contact density ͑determined primarily by the bulk density͒. However, the surface "deficit," i.e., the total amount of depletion, increases noticeably with the particle size. When the particle/polymer size ratio changes from the protein limit to the colloid limit, the appearance of the polymer segments in the vicinity of the particle becomes more restricted, which is also reflected in the lower local densities near the particle surface in both dilute and semidilute regimes. At high polymer concentration, the contact and the first peak densities near a small particle ͑protein limit͒ are noticeably different from those near large particles ͑colloids͒. The likelihood of polymer wrapping is probably responsible for the higher contact density near the small particle. Interestingly, except the contact and first peak values, the segmental density profiles are nearly identical for different particles in a concentrated polymer solution.
B. Polymer-mediated forces
We now investigate the colloidal interactions due to the nonadsorbing polymers by using the PDT conjugated with the DFT calculations. Figures 3 and 4 show the comparisons of the theoretical predictions with the simulation data for the polymer-induced depletion forces between two hard spheres with diameter c / s = 5. The PDT captures quantitatively not only the depletion attraction at short separation but also the free-energy barrier at high polymer concentration. As the two particles approach each other, the polymer chains are expelled from the region in between, which leads to the entropic attraction. As predicted by the AO theory, in the dilute regime the range of attraction is comparable to the polymer radius of gyration and the attractive force is magnified as the polymer concentration increases. However, the AO theory is not able to reproduce the weak repulsive barrier responsible for the restabilization of the colloidal particles at high polymer concentration. Even though some discrepancies are observable at the contact and near the repulsive barrier, in general the agreement of the theory with the simulation is satisfactory. The cusp at ͑r − c ͒ / s = 1 reflects the excludedvolume effect of the polymer segments. The quantitative difference between the simulation results and DFT is probably due to the adoption of TPT1, which accounts for only partial intrachain correlations. Figure 5 shows the theoretical results for the depletion potential between two particles with a diameter c / s = 4.9 induced by hard-sphere chains with a chain length M =16 at three bulk concentrations ͑ s,b * = 0.1, 0.2, and 0.3͒. Also shown in this figure are the simulation results for two soft particles of the same size immersed in bead-spring chains at similar solution conditions. 14 Because the simulation is based on the truncated and shifted repulsive Lennard-Jones potentials instead of the hard-sphere model for both colloid and polymer interactions, the agreement of theory with simulation is only semiquantitative. Nevertheless, the PDT captures the essential features of the depletion potential as a function of the polymer concentration. As the polymer concentration increases, the contact potential becomes stronger, while the range of attraction diminishes.
As mentioned earlier, the performance of DFT in a dilute polymer solution is compromised by its use of TPT1, which is incapable of representing the long-range intrachain correlations. Fortunately, the polymer-induced force also becomes less significant at low polymer concentration. Figures 6 and  7 show the depletion potentials between two hard particles with c / s = 4.9 immersed in dilute or semidilute solutions of long-chain polymers ͑M = 120 and 500, respectively͒. As in = 0.004͒, the PDT faithfully captures the magnitude of attraction, but as expected, it fails to reproduce the weak attraction at large separation. In this case, the performance of DFT is noticeably better than that of the PRISM. In the semidilute regimes ͑ s,b * = 0.02 and 0.075͒, however, the PRISM is superior to the PDT/DFT. Neither the PDT nor the PRISM captures the weak but long-ranged attraction as highlighted by the simulations.
C. Derjaguin approximation
The Derjaguin approximation is often used to predict the interaction between two spherical particles that is not directly accessible by conventional simulation or theoretical methods. Because the PDT only requires the density profiles of polymers near a single particle, it is applicable to particles of arbitrary size. Figure 8 and 9 show, respectively, the polymer-mediated forces between the proteinlike particles and those between the colloidlike particles at conditions the same as those used in Fig. 2 . Qualitatively the influence of the polymer concentration on the colloidal forces is the same as those explained in Figs. 3-7 . At a given polymer concentration, the overall force between the colloidlike particles is significantly larger than that between the proteinlike particles due to the increase of the surface area. At low polymer concentration, the prediction of PDT is probably only semiquantitative due to the neglect of long-range intrachain correlations. Nevertheless, the large gap between the results from the PDT and those from the Derjaguin approximation suffices to indicate that the latter is inadequate for polymerinduced colloidal forces at low polymer concentrations. Indeed, the Derjaguin approximation predicts erroneous repulsion between proteinlike particles in the dilute regime ͓Fig. 8͑a͔͒. As the polymer concentration increases, the Derjaguin approximation becomes noticeably improved, and in the concentrated regime it becomes nearly quantitative for both protein-and colloidlike particles ͓Figs. 8͑c͒ and 9͑c͔͒. Figures 8 and 9 indicate that the Derjaguin approximation is not reliable for predicting the long-range colloidal interactions. Interestingly, the particle size has essentially no effect on the range of polymer-mediated colloidal forces.
IV. CONCLUSIONS
In this work, we followed the conventional hard-sphere/ hard-sphere-chain models for colloidal particles and nonadsorbing polymers in an athermal solvent and investigated the polymer-mediated colloidal interactions by using the PDT combined with the DFT. The colloid/polymer size ratio spans from the protein limit to the colloid limit, and the polymer concentration covers the dilute, semidilute, and concentrated regimes. We also examined the applicability of the Derjaguin approximation for predicting the polymer-mediated colloidal forces.
The essential inputs of the PDT include the polymer segment density distributions near an isolated particle and a reliable expression of the Helmholtz energy for polymerparticle mixtures. By extensive comparison with results from recent molecular simulations, we have calibrated our theoretical method for the polymer density profiles and for the colloidal forces at both protein and colloid limits and different regimes of polymer concentrations. Except the long-range depletion at low polymer concentration, the theoretical predictions agree quantitatively with the simulation results. The caveat is attributed to the neglect of long-range intrachain correlations that become significant at low polymer concentration. The polymer segments are depleted from a nonadsorbing particle in the dilute and semidilute regimes, with the thickness of the depletion layer comparable to the densitydependent polymer correlation length. While the contact density and the range of depletion are relatively insensitive to the particle curvature, the surface deficit increases noticeably with the particle size. In the concentrated regime, the excluded-volume effect leads to the accumulation of the polymer segments near the colloidal surface and the density profiles exhibit strong oscillations similar to those in a hardsphere system. In this regime, the effect of particle size on the polymer density profile becomes negligible, except the contact and first peak densities.
In general, the PDT reproduces the polymer-induced depletion interactions in good agreement with the simulation results. The PDT captures quantitatively not only the depletion attraction but also the free-energy barrier at high polymer concentration. Because the DFT neglects the nonideal part of the long-range intrachain correlations, the PDT is not able to capture the weak but long-ranged forces in the dilute regime, as identified in simulations. Nevertheless, even in the dilute regime, the PDT predicts the magnitude of attraction at contact in quantitative agreement with the simulation data. We found that the range of polymer-induced attraction is nearly identical in the protein and colloid limits. However, the magnitude of the depletion attraction increases significantly with the particle size due to the increase of the surface area. The Derjaguin approximation is poor for the depletion forces in both the protein and colloid limits at low polymer concentration, but it works remarkably well at high polymer concentration.
